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q - 1  
Let q~3 (mod4)  bea  prime power and put n =  . We consider a cyclic relative diffe- 

2 
rence set with parameters q~-  I, q, I, q -  1 associated with the quadratic extension GF(q2)/GF(q). 
The even part and the odd part of the cyclic relative difference set taken modulo n are 

n+ 1. n + 1 / difference sets. Moreover it turns out that their complementary 2 - n ;  2 ' 2 -  supplementary 
J 

subsets are identieat with the Szekeres difference sets. This result clarifies the true nature of the 
Szekeres difference sets. We prove these results by using the theory of the relative Gat, ss sums. 

O. Notation 

q: a power  o f  a p r ime  p 
F = G F  (q): a finite field wi th  q e lements  
K = G F  (q*): an extens ion o f  F o f  degree t _ 2  

: a p r imi t ive  e lement  o f  K 
g:  a p r imi t ive  e lement  o f  F 
K*:  the  mul t ip l ica t ive  g roup  o f  K 
F* :  the  mul t ip l ica t ive  g roup  o f  F 
SK: t race  f rom K 
SF: t race  f rom F 
Sr /F:  re la t ive  t race  f rom K to  F 
NKIr: re la t ive  n o r m  f rom K to  F 
Z" the  r a t iona l  in teger  r ing 
Jm(x) = 1 + x + x 2 +  . . . + x  m-x 

1. Relative Gauss sums 

W e  define G a u s s  sums  a n d  re la t ive  G a u s s  sums over  a finite field. 

Definition 1.1. Let  Z be a eha rac te r  o f  F a n d  (p=e 2nqp. "[hen the  Gauss sum "or(X) 
is defined b y :  

Sp~ 
�9 ~ (z) = Z z(~) ~, �9 

AMS subject classification: 05 B 10 
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When Z=I,  the principal character, then z r ( Z ) = - l .  If  Xr then we have 

If Z is a non-principal character of K, then the ratio 

0K/r(Z)- ZK(Z) 
~V(Z) 

of the two Gauss sums is called the relative Gauss sum associated with Z. 

The following theorem gives important information on relative difference sets. 

Theorem 1.2. (See [5]). Let Z=XK be a character o f  K and let ZF denote the cha- 
racter Z restricted to F. We take a system L o f  representatives o f  the quotient 
group K*/F* and we decompose L in two parts as follows: 

z = LoUL~;  Lo = {~: S~/~# = 0}, Z~ = {#: S~/~# = 1}. 

Then we have: 
0K/V(Z) when ZF # 1, 

| "l  

Z Z(fl) : r  when Z~ ~ 1  and ; ~ , :  1, 
#s  

(q'-I when XK = 1. 

Proof. An element ~ in K* is represented uniquely as ~=a/~ for a6F*, p6L. 

ZK(Z) = Z Z z(aP)~ srCaa) = Z Z(fl) Z z(a)r sv(asx/v~). 
a6F* #s  15~L a~F* 

We distinguish two cases. 

(i) If  SK/Ffl ~ 0, then 

Z z(a) ~os, , ,~) = Z ~(S~,/~#)z(aSK/~#)~ ~c~ = ~(SK/V/~)~r(Z)- 
as  as 

(ii) If Swrfl=O, then 
70 when Z~ ~ 1, 

,~*~ x ( a ) = [ q _ l  when X r =  1. 
Therefore: 

(i) When XF ~ 1, we get 0K/F(Z) = ~r(X----"ff p~L~ p~L, 

(ii) When Xr = I, then since ~(SK/r/~)rr(~) = - 1  for /~6L1, we have 

Tr(X) = ( q - l )  Z Z(fl)-  Z 7.(/3) = - Z g ( f l ) + q  Z z(fl). 
#~L o #CL, #EL #~Lo 

For this case, if ZK~I, then we have ~X( f l )=0 .  Hence zx(~<)=q ~ Z(fl)= 

= - q  Z X(/~). 
~ELI 
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When ZK-- 1, we have z~(X)= - z~ X(/~)+q ~ Z(fl) = - q ' -  1 
#r #r q--1 + q  #Ez,z~ X(~) = 

q t - l _  1 
= -- 1. Thus we get ~ '  Z(fl) = and 

X(fl) = ~ X(fl)-- ~ X(fl) -- qt--1 q'-~--I = q,-x. I 
a~Lt B~L #r o q - - 1  q--1 

2. Relative difference sets 

The concept of  relative difference sets was introduced by A. T. Butson [2]. 
J. E. H. Elliott and A. T. Butson have shown several basic results [3]. We recall the 
definition of relative difference sets. 

Definition 2.1. Let G be an abelian group of order v and R be a subset of G containing 
k elements. Let H be a subgroup of G of order h. If for d#O, d~G, the number 
of pairs (i, s) such that d = r - s ,  r, sER, has the fixed values 

~'0 when d(~H, 
when d~H, 

then R=R(v ,  k, 2, h) is called a relative difference set. 

Lemma 2.2. Assume that G is a cyclic group. Let f (x) denote the Hall polynomial 
of R(v, k, 2, h), then we have 

f (x ) f (x  -t)  =-- k+~(dv(x)--Jh(x~/h)) (modx~- l ) .  II 

The following is an example of  cyclic relative difference sets. 

Theorem 2.3. Define the subset 

DI = (m: SKIr~ = I} 

of Z/(q'-- 1)Z. Then Dt is a relative difference set with parameters 

v - - q t - 1 ,  k = q t-x, 2 = q  '-~, h = q - 1 .  

Proof. We prove the theorem by showing that 

f ( x ) f (x  -1) -- q*-~ + q'-~(Jr -J~-x(x~'-x)l~-I))) (mod xq'- ~ - 1), 

where f ( x )  denotes the Hall polynomial of  D 1. If  X(~)=( where X is a character 
of K and ( is a (q ' -  1) th root of  unity, then we have f ( ~ ) =  ~ ~ ' =  z~ Z(B). 

Hence it sufficies to verify m~D, #~L, 

(2.1) 2 X(fl)" ~' ~(fl) = qt-X-Fq'-~(dr162 
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for a (q'- I) 'h root of unity ~. Now from Theorem 1.2, we have: 

(i) when Zi, # I, then 

Z z(/~). Z ~ ) =  o~/~(x)0~/~(z) = ~(z)~(z) = q,_~; 

(ii) when ~ ZF= 1 -and XK N 1, tlien 

(iii) when ~K = I, then 

2 z~)- 2 ~(/~)= ~ ' -~ -  
# e L  x # e L ,  

Combining these, we verify the formula (2.1). | 

We shall call this the cyclic relative difference set associated with the exten- 
sion K/F. 

3. Cyclic relative difference sets associated with K/F for the case t =2 

In this paper, we treat the cyclic relative difference set above for the case t=  2 
in Theorem 2.3. From lheorem 2.3, the subset D i=  {m: SK/e~ m= 1} of Z/(q 2-1)Z 
is a cyclic relative difference set with parameters v=q2-1, k=q, L--l, h = q - ! .  
Let 2=g  c for an integer c#0,  then 2= 2SK/F~m=g e SK/F~ ra= SKIf~ m+c(q+l) for m~Ds. 
Hence the subset .D2={m: SKo,~m=2}-. - {m+c(q+ 1)!: SK/c,~m= 1}=DI+ c(q+ 1) 
is a translate of D1, and contains 0. 

Next we take a system of the.representatives L'= {.1, ~ . . . . .  ~q} of K*/F*. 
Then each element fl such that SK/Ffl= 1 is represented uniquely as fl=a-lo~ for 
a= SxlF~#O. ,ts L'. ~lhereforewe get 

SK/l,~ = , m = O .. . .  ; q, m #  q 1 

The inverse element of ~k is given by 

~-k = SKIV~'2~,. -- ~m+~,~q~ = 2 (l+~mCq-1)) = 2  -1 (,ccq-m2~+~-ccq-m~m)~ccq-~/2)~. 

Thus we have 

Dn ='[k: ~-k = "-21 (~((,-1)/~)m+~-((q-ll12)~)~((,-1)12)m, . . . .  m = 0 ,  , q, m # __q21J• 

The subset D=Dn has the following properties. 

Theorem 3.1. -We define Do- {kfD (m0d q-- 1),k even}, and DI= {kED (rood q -  1), 
k, odd}, so that D (mod q-1)-- D, UD1. Then D(modq.-1)"  has. the following 
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properties~ 

(1) I f  m is even (odd), then k (mod q -  1) is even (odd). 
(2) D (rood q-- 1) contains every k #O exactly twice. 
(3) For the ease q = l  (rood4), i f  kEDo then -kEDo and  i f  kED~ 

then - k ~ D 1 .  For the case q--3 (rood4), i f  kEDo then --k~Do 
and i f  kED1 then --kEDI. 

The following lemma is interesting and is essential in Proving Theorem 3. i. 

Lemma 3.2. Put ~I= ~(~-~)I2 and let A (x) denote the linear fractional transformation: 
x + l  

A(x)=-~Z--f_ 1 . When k is odd, there exists one and only one odd k" (mod 2q+2) 

satisfying A01k)=q k'. When k iseven, there exists an even rk" satisfying A(qk)=t/k' 

+ q +  1 (mod 2q+2). i f  and only i f  q -  3 (rood 4) and k = - - T 

Proof. First we suppose k and k'  are even and A(qk)=q k'. Since ~/q= _ q - 1  and 
~, q - k +  1 

q~=~/-k, we have ~l-k'=A(~lk)'=A(~q).----A(~l-)=n_-xV.-~T_l==A(t/k)=--~l ~'. 

Hence we have t / -~ '=-t /k '  and t/k '--+i where i=~l (q+l)/'~ is a primitive fourth 

k k" + q + l  ; root of  unity in K. Also t / i=+ i .  This means -- -- - T -  (mod 2q+ 2). 

Next we suppose that k and k" are odd and A(t/k)=q ~'. Since ~/~q=-t/-k, 
--k 1 

we have A(qk)q=A(qkq)=A(--tl-k)= ~_-~+_ i=--A(t/~) -1. Every A(t/~) for odd 

k satisfies the algebraic equation xq+X+ 1 = 0  of  degree q +  1. On the other hand, 
the q+  1 distinct elements t/t for odd k also satisfy the equation above,which means 
that ~/~ are all the roots of the equation, i.e. there exists one and only one o d d  k' 
such that A 01 i)= t/~'. | 

Proof of Theorem 3.1. (1) Since q - 1  is even, we see from ~:-t= SI~/F~ m 
2 ~  

that if m is even (odd), then k i s  even (odd). 

(2) If  k~D then kq~D. Since kq~-k (mod q -  1), we see that D (rood q -  1) 
contains k ~0  twice. Next we show that D (mod q -  1) contains k ~ 0  twice 'exaetly'. 
Let H be a group generated by ~q-x. This is characterized as the set 0f elements with 

- i  " 1  

norm 1. Put ~-k-----~-(lq-~('-l)m) and ~-k'-----~(1-{-~(~-x)m') and assume relative 

k=-k" (mod q -  1). This means ~-~---~-~' (rood ~ H), which is equivalent t o  

~K/F (' 1 + ~(q--1)m 2 ' )=NKIF(lq-~(q-l)m')  

~E/F(I .~_ ~(q--1)m) ~__ J~K/F( 1 .~. ~(q--1)~e'), 
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I I 
Putting ct=~ (~-1)" and fl=~(~-x)~,,, the equation above becomes ct+-~=fl+-B--. 

r 

1 
Thus we have ~=fl  or ct=-ff, that is m = + m  ' ( m o d q + l ) .  This implies that 

there erdsts no k such that k - k "  (mod q -  1) exeept k=0 .  

(3) Similarly let ~ -~ and ~-k. be as in the proof of (2) and assume k -  - k'  (mod q -  1). 
From the proof of(1), we have k=-k" (rood 2). "lhe assumption k+k '=-O (mod q -  1) 
means ~k+k'EH, o r  

Nx/r (~(I +,('-a)").-~-(e +~('-I)"r = I, 
N /F((1 + (1 + = 4' .  

Let ~/and i be as in Lemma 3.2. Since 

1 + ~(q-1)r,, = 1 - ( H f " )  ~ = 

= l _ ( q ( ( q + l ) / 2 ) + m ) ~  = __l~((tJ+!)lg.)+m(q((q+l)i2)+mq-((e+l)12)-ra), 

IV'KiFQ1((e+l)12)+mtTC(q+l)12)+ra' (~((q+ 1)12) +rn __?]- ((q+l)l~)--m) X 

we have 

(3.1) 

We observe 
X (qCC,z+l)/2)+m' _~-(Cq+l)/2)-m')) = 4-~, 

Thus theequat ion (3.1) becomes 

(r/(c~+x)/2)+"-r/-ccq+x)/n)-")(r/ccq+t)/2)+"-r/-ccq+~)/z)-~') = +4. 

Replacing m' by q + l - m "  if necessary, wemay  reduce to the case when + sign 
is valid in the equation above. In this ease, 

--t] ((q+1)Iz)+m ~- 1 rl((e+X)lZ)+ra, = r / ((e+x)/2)+raq - 1 - -  A(rl((e+l)12)+m) ' r/((~+l)/2)+ra, = 
q((e+l)/2)+m_ 1 ?] ((q+a)12)+m+ 1 " 

When we replace q((~+l)/Z)+,, and ?/((e+l)/2)+m by -q((a+l)/2)+ee and --rl ((~+a)l~)+m res- 
,_ q + l  

pectively in the second equation, we get the first equation. If  we put ,~=- - -~+m 

k'  q + l  , and = - - ~ - - + m ,  then the assertion (3) follows by Lernma 3.2. !1 

rest of this section, we suppose q=3  (mod 4). Put n = ~  --~ , In the then 

n is odd. Define the subset_ D ' =  {k(mod n): ~-k=~(l+~(~-X)m), m=0,  1 . . . . .  n}, 



CYCLIC RELATIVE DIFFERENCE SET 213 

and D~={k~D', m even} and D~={k~D', m odd}. Then D'=D~UD~. 
"Iheorem 3.1, D~ and D~ have the following properties: 

, n + l  
(1) Do has ~ distinct elements (mod n) and the same is true for D1. 

(2) If  k~D~ then -k~Do and if k~D~ then --k~D~. 
(3) Let D ~ * = { - k :  k~D~,k~O}, then D~UD~*=Z/nZ. 

Now, we have 

From 

~K]F ~ ((q-1)12)m = ~((q--1)/2)m + ~((q'- q)/g)m = ~!(q--1)t'2)m.~ ~((~--l)/S)m--((q--1)/2)m = 

and 
SKIF~((e-1)I~)(((q+ DI~)+m) : ~((~-1)1~)(((~+1)12)+ ra) -}- (-- l)rn ~-((~-l)lz)(<(q+ l)l~ )+m). 

Thus we get 
~-k = _ ~<~-1)/~),~ SKw ~c~q-~)/~)m 2 if m is even, 

S "~((q--1)lZ)C((q+l)12)+m) 
~-k  = ~((~-l)12)(((q+l)12)+m) KIF~ i f  m is odd. 

2 

We define r=r(m) by g '=g ' ( " )=  21-- Sx/r~ ((q-ll~)~, and define the subsets 

~o r (m):  g,(m) S~/r~ ((~:l)/~)m, m = 0, 2, 4 . . . . .  2 ' ' 

9 1 =  {r(m); g ' ( " )=  21--SK/v~ ((~-z)lz)m, m = 1, 3,5 . . . .  , - ~ } ,  

i ' a n d g x = - - l D ~ .  The subsets 90 and 91 of Z/nZ. Then we have ~ o = - ~ - D o  

have simpler structure than D~ find D~, and are convenient for computation. 

4. Szekeres difference sets 

First we define supplementary difference sets. 

Defin|fion 4.1. (See [4], p. 281). Let $1 ..... S, be sets of distinct residues modulo v 
containing kl . . . . .  k, elements respectively. For the residue d ~ 0  (mod v), we 
define the number As(d)= ~{(r, s): d - - r - s  (mod v), r, sESi}, and let ;L(d)= 
=21(d)+22(d)+. . .+2 , (d) .  If 2(d) has a constant value 2 for any residue d ~ 0  
(rood v), then $I . . . .  , S, are called n -  {v; kl . . . . .  k,;  2} supplementary difference 
sets. If  kx=...=k,, we write n-{v;kx;2}.  L e t  A(x),A(x),...,A(x) be the 
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Hall polynomials of  $1, S~ . . . .  , S, respectively, then we have 

II  

Z f ( x ) f ( x  -~) = Z k , -2+2go(x)  (mod x ~  1). 
I=I i=i 

This equation characterizes the supplementary difference sets. 
G. Szekeres has shown the existence of the following supplementary difference 

sets. 

Theorem 4.1 (Szekeres, [4]). Let q - 3  (mod 4) be a prime power and let Q be 
the set o f  the quadratic residues in F. We define the sets M =  {a: g2"- 1C Q}, and 

' { q 2  ; q 7 }  N={b: g~b+IEQ}. Then M and N are 2-- 1 . q - 3  - supplementary 
' 4 

difference sets. 

We may call this the Szekeres difference sets. It is known that the Szekeres 
difference sets are important for construction of Hadamard matrices. Here we show 
that the complementary subsets of  ~0 and ~a as in Section 3 are the Szekeres diffe- 
rence sets. "1 his gives an explanation to the origin of the somewhat isolated Szekeres 
difference sets, showing that their complementary sets are more natural, and are 
derived from a cyclic relative difference set associated with the extension of a finite 
field. 

Theorem 4.3. Let ~o, ~1 and n be as in Section 3. Then 
{ n + l  n + l }  

�9 . supplementary difference sets, (1)~o and ~ l  are 2 -  n; 2 ' 2 

(2) the complementary sets o f  ~o and ~1 are the Szekeres difference sets. 

1 , 1 , 
Proof. (1) Since ~ o = - ~ - D o  and ~ 1 = - ~ - D 1 ,  it suificies to show that D~ and 

D1 are 2 -  n ; -  + 1 1. 2 ; - �9 -supplementiiry difference sets. Let O(x), Oo(x), and 

01 (x) be the Hall polynomials, of  D, D; and D~ respectively. From the results in 
Section 3, we have 

I 
O(x) - , l  +2Oo(x)+20~(x) (modx~--1), 
Oo(x)+Oo(x -1) -- 1 +J , (x)  (modx~-  1), 
01(x) =-- 0z(x -1) ( m o d x " -  1). 

And from Theorem 2.3, we have O(x)O(x-1)--q+J~,_s(X)-Jq_l(x e+l) (rood 
x~ ' - 1 -  1). Since 

d~,-x(x) = JCq-X)l~(x)Jzq+~(x t'-x)t2) --(2q+2)J,(x)  (m odx" - l ) ,  

Ja_l(x ~+x) = Jtq_t)12(x ~+1) J~(x C~'-a)/2) =- 2J,(x) (rood x" - 1), 

we have 

(4.1) O(x)O(x-t)__q+2.qJ,(x) (rood x",-l) .  
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On the other hand, 

(4.2) O(x)O(x -~) -- ( - l + 2 0 o ( x ) + 2 O x ( x ) ) ( - l + 2 O o ( x - X ) + 2 O x ( x - X ) )  

=_ 1 - 2 (0o (x) + Oo (x -~) + 01 (x) + Ox (x -1)) + 4 (0o (x) Ox (x-a) 

+ Oo (x -1) 01 (x)) + 4 (Oo (x) Oo (x-~) + O~ (x) 01 (x-~)) 

--- 1 - 2 (Jn (x) + 1 + 201 (X)) + 4 (J, (x) + I) 0~ (x) 

+ 4(O.(x) oo(~-0 + Odx) O~(x-O) 
-- 1 +2nd, ,(x)+4(Oo(x ) Oo(x-x)+Ox(x) Ox(x-X)) 

(mod x " -  1). 
Comparing (4.1) with (4.2), we get 

4(0o(x) Oo(x-~)+Ol(x) 01(x-1)) -- q+  I + 2qd,(x)  - -2nd,(x)  

= 2 n + 2 + ( 2 n + 2 ) d . ( x )  (modx" - l ) .  
Namely 

n + l  . n + l  Y,,(x) (modx"- l ) .  O~176 ---- 2 ~-----f-- 

Since ~ O 6 = .  ~, n + l  , f ' ] n + l . n + l ~  ~ v v l - - - ~ ,  we see that D~ and Da are 2 - _ _ n ;  2 " T  

supplementary ~lifference sets. 

(2) Assume r ~ o ,  then 

g~ = 1 SK/v~(~q_1)/z),, 1 m 1 . r,, m" =--s =-s +~- ), 

1 2 1 
and 

1 . . q  1 ~. .. I (~-(~ - q - - ) ) ' ~  F. Sinee~-(t/ - q -  ) = - ~ - 0 1  -~/-  ) we have ~-0 /" -q-m)r  1 ,, 

Thus we obtain g ~ -  1 r Q. 
Next we assume rE~l,  then 

1 SKlF~(Cq_l)12)ra~__l SKIF?I m =~-(t/1 re_q-m), 

and 

Similarly we have ~-(t/"+r/-")~F, ~-(r/m+~/-m) fiF, that is g2"+lCQ. Con- 

sequently if rs then r E M *  and if rE 'x,  then r~N* where M* and N* are 
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the complementary sets of M and N respectively. But we know that 
n + l  = T  and # M * =  #N*=n - n - 1  = n + l  Hence we have 

2 2 " 
~x=N*.  II 

Example. q=19, n=9,  g=14. 
(1) m .11~ 1 2 3 4 5 6 7 8 9 

r(m) 11 16 12 4 16 17 6 6 9 

r(m) (mod9) 0 2 7 3 4 7 8 6 6 0 

e 0 = { 0 , 7 , 4 , 8 , 6 } ,  ~1={2 ,3 ,7 ,6 ,0} ,  

~* = {1, 2, 3, 5}, 9 "  = {1, 4, 5, 8}. 

(2) Quadratic residues: Q={1, 6, 17, 7, 4, 5, 11, 9, 16} 

m [0 1 2 3 4 5 6 7 8 

I g2m-l'O 56Q 166Q 6CQ 3 46Q 10 8 15 

~ [ 2  76Q 18 8 56Q 660 12 10 176Q 

~D0 = #DI= 
that ~ 0 = M  *, 

M =  {1, 2, 3, 5}, N = {1, 4, 5, 8}. 
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