CoMBINATORICA 8 (2) (1988) 207—216

COMBINATORICA
Akadémiai Kiado — Springer-Verlag
ON A RELATION BETWEEN A CYCLIC RELATIVE
DIFFERENCE SET ASSOCIATED WITH
THE QUADRATIC EXTENSIONS OF A FINITE FIELD
AND THE SZEKERES DIFFERENCE SETS

MIEKO YAMADA

Received 15 September 1985
Revised 9 May 1986

-1 .
Let g=3(mod4) be a prime power and put n=—qz—. We consider a cyclic relative diffe-

rence set with parameters g2—1, g, 1, g —1 asscciated with the quadratic extensicn GF(¢%)/GF(q).

The even part and the odd part of the cyclic relative difference set taken modulo s are
n+l n+l . . .

2 —{n; —2—-; " supplementary difference sets. Moreover it turns out that their complementary

subsets are identical with the Szekeres difference sets. This result clarifies the true nature of the

Szekeres difference sets. We prove these results by using the theory of the relative Gauss sums.

0. Notation

q: a power of a prime p

F=GF (g): a finite field with ¢ clements
K=GF (4"): an extension of F of degree =2
¢: a primitive element of K

g: a primitive element of F

K*: the multiplicative group of K

F*: the multiplicative group of F

Sk trace from K

Sg: trace from F

Sk,g: relative trace from K to F

Ny, r: relative norm from K to F

Z: the rational integer ring
Ja(x)=1+x+x2+...+x™?

1. Relative Gauss sums

We define Gauss sums and relative Gauss sums over a finite field.
Definition 1.1. Let x be a character of F and {,=e**/?. Then the Gauss sum t(Y)

is defined by:
= 3 2@Ere.
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When y= 1, the principal character, then tp(y)=—1. If x=1, then we have

(D)= =q. o )
If y is a non-principal character of K, then the ratio

SK/F(X) = Zg))

of the two Gauss sums is called the relative Gauss sum associated with ¥
The following theorem gives important information on relative difference sets.

Theorem 1.2. (See [5]). Let y=yxx be a character of K and let yp denote the cha-
racter y restricted to F. We take a system L of representatives of the quotient
group K*[F* and we decompose L in two parts as follows:

L=LUL; Ly = {/3 SK/Fﬂ =0}, L, ={B: SK/FB 1}
Then we have:

ke () when yp#1,
1
S x®=1——=mwly) when zg#1 and xp=1,
BeL, q
g when yx=1.

Proof. An element « in K* is represented uniquely as a=ap for a€F*, BcL.
wW= 3 Z1@pG P = 5iB 3 y@)reser.
a€F* pEL £<L aEFs

We distinguish two cases.
@) If Sg/ef # 0, then

> 1@ GFerD = 3 35Sk e B x(@Ske BT = 7 (SkpB)r ()
agc F*

aecF*
when yp# 1,
aZF*X(a) {q 1 when yxrp=1.
Therefore:
O When e = 1, weget S = X8 = 3 1Sueh)ah = 3 105

(ii) When yr = 1, then since %(Sk/rB)tr(x) = —1 for BcL,, we have
w=@-1) Z 1B~ 5 1f)=—Z1B+q > x(B)
BeL, - BelL, BEL peL, -

For this case, if yx=1, then we have Zx(ﬂ)=0. Hence (=g > x(B)=
feL BEL,
=—q 2 x(B)
BEL,
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When yx=1, we have te()=— 3 z(f)+q 3 x(F)=—2
AeEL BEL, q

t—1 :

=—1, Thus we get 2x(ﬂ)=q _1, and
BEL, g—1-

g 3 ()=
FEL,

Sa®=31p- 3 @=L =1 _ 1 g
8¢, FeL 8€L, q—1 I

2. Relative difference sets

The concept of relative difference sets was introduced by A. T. Butson [2].
J. E. H. Elliott and A. T. Butson have shown several basic results [3]. We recall the
definition of relative difference sets.

Definition 2.1. Let G be an abelian group of order » and R be a subset of G containing
k elements. Let H be a subgroup of G of order h. If for d=0, dcG, the number
of pairs (r, s) such that d=r—s, r, s€ R, has the fixed values

{A when d¢H,
0 when d€H,

then R=R(v, k, 2, h) is called a relative difference set.

Lemma 2.2. Assume that G is a cyclic group. Let f(x) denote the Hall polynomial
of R(v, k, A, h), then we have

FOf ) = k+A(J,(0)=5(*") (modx*—1). §

The following is an example of cyclic relative difference sets.

Theorem 2.3. Define the subset
D, = {m: Sg;pé™ =1}
of Z)(g'—1)Z. Then D, is a relative difference set with parameters
v=g'—-1,, k=g A=¢"2 h= é—l.

Proof. We prove the theorem by showing that

JOOF) = ¢+ ¢ (J 2 (8) = T, (XF ==Yy (mod x¢-2—1),

where f(x) denotes the Hall polynomial of D,. If x(£)={ where x is a character
of K and { is a (¢'—1)" root of unity, then we have f()= 3 (™= 3 x(f).
me D, ﬁGLl

Hence it sufficies to verify

2 Z 1B 3 2B = ¢ g2 Jpoa (O = Ty (&)
#ely BeL,
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for a (g'— 1)" root of unity {. Now from Theorem 1.2, we have:
(i) when yp # 1, then
S 1B 3 1B = 95 )00 = 2LED oo,
el 8¢L, () T (X)
(i) when yp=1 and yxx # 1, then
- 1 Sz
2 2B 2 1B ===
BEL, BeL, q
(iii) when yxx =1, then
2 1B 2 2B = g2¢.
Bel, BeELy

Combining these, we verify the formula (2.1). |}

We shall call this the cyclic relative difference set associated with the exten-
sion K/F.

3. Cyclic relative difference sets associated with X/F for the case =2

In this paper, we treat the cyclic relative difference set above for the case =2
in Theorem 2.3. From Theorem 2.3, the subset D;= {m Sxpé™=1} of Z)(g*— 1) Z
is a cycllc relative difference set with parameters v=g*—1, k=q, A=1, h=q—1,
Let 2=g¢ for an integer ¢ =0, then 2=2Sy,pE™=g° Sk r ™= Sk, pEmreatD) for meD,.
Hence the subset - D,={m: Sg;rl"=2}= {m+c(q+1) SK,Ff =1}=D;+c(g+1)
is a translate of D,, and contains 0.

Next we take a system of the representatlves L'={1,¢, ...,¢% of K*F*
Then each element 8 such that SK,FB is represented uniquely as f=a~la for
a=Sgro#=0. a€L’. Therefore we get '

28" g+1 }
= Ll =0, .. —_—
{k. & Seel® , m=0, ; g, mz= 3

The inverse element of & is given ‘by

Ek = Sgpé™ _ EmEm™ _ %(l_l_ém(q-l)) — _;_(‘:((q—l)fz)m_*_é-—((q-—l)/z)m)é((q—l)/z)m.

2m T 2¢m
Thus we have
D, = {k= = %(é“q-l’/%m+¢-“ﬂ-1>/2>'") g@-vmm o =0,..,q mz —q‘;—l} '

The subset D=D, has the following properties.

Theorem 3.1. We define Dy={k€D (mod g— 1), k even}, and D, = {k€D (mod g—1),
k, odd}, so that D (modg—1)=DgUD,. Then D (modg—1) has. the following
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properties:

(1) If m iseven (0dd), then k (mod g—1) is even (0dd).

(2) D (mod q—1) contains every k#0 exactly twice.

(3) For the case g=1(mod 4), if k€Dy then —ke€D, and if k€D,
then —k¢D,. For the case g=3 (mod 4), if k€D, then —k({DD
and if k€D, then —keD;.

The followin’g‘ lemma is interesting and is €ssential in proving Theorem 3.1.

Lemma 3.2. Put n=¢@-Y72 gnd Iet A(x) denote the linear fractional transformation:
x+1

A(x )——1. When k is odd, there exists one and only one odd k' (mod 2q+2)

satisfying A(n®)=n*. When k is even, there exists an even 'k’ satisfying A(H)=n*
if and only if =3 (mod 4) and k= if’“;—l (mod 2g+2).

Proof. First we suppose k and k’ are evén and A(1*)=n*. kSince n?=-—n"1 and
Pi=nt,  we have n¥=AGFi=AGM=AGH="T = 2 AGH= -1

¥ and n¥=4i where i=nW@*+12 is a primitive fourth

Hence we have n~%¥=—pg

root of unity in K. Also’ g*=+i. This means kak’s:l:q-;l (inod 2g+2).
Next we suppose that k and k’ are kodd and A(n*)=#*. Since n*=-—p

we have A(n*)i=A(n*)=A(— 11"‘)—————:*-_—1— — AWM. Every A% for odd

k satisfies the algebraic equation x?2t*4+1=0 of degree q+1 On the other hand,
the q+ 1 distinct €lements #* for odd k also satisfy the equation above, which means
that n* are all the roots of the equation, i.e. there exists one and only one odd k’
such that A(Y)=n*. |

-k

Sy/eé™

Proof of Theorem 3.1. (1) Since g—1 is even, we see from & *= 2

that if m is even (odd), then k'is even (odd).

(2) If k€D then kqeD. Since kg=k (mod g—1), we see that D (modg—1)
contains k>0 twice. Next we show that D (mod g— 1) contains k=0 twice ‘exactly’.
Let H be a group generated by £9-1, This is characterized as the set of elements with

relative norm 1. Put 6"‘=—21—(1+6(‘1‘1)'") and é"*’zé—(l%—é‘““’"" ) and assume
k=k’ (mod g—1). This means é-*=¢-¥ (mod* H), which is equivalent to-

1+ (g—1)m 1+ (@—1)m’
e )

Nip(1+£479") = Nyjp(1+4-9m),
é(q 1)m+§ “(g-ym _ é(q—l)m'_l_é—{q-l)m'
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Putting a=¢W-9" and p=¢U-V™ the equation above becomes a+%= ,b’+-—l—.

B
Thus we have a=f or 'a=% , that is mE:i;m’ (mod g+1). This implies that
there exists no &k such that k=k’ (mod g—1) except k=0.

(3) Similarly let £-* and £~ be as in the proof of (2) and assume k=—k’ (modg—1).
From the proof of (1), we have k=k’ (mod 2). The assumption k+k’=0(mod g—1)
means EHYeH, or

1 1 :
Nege (14 £0-9m). 2 (1 gomvm) = 1,

Nygp((1+E@7Dm) (1 +86-Dm)) = 42,
Let n and { be as in Lemma 3.2. Since
14-8-Dm =1 — (i) =
- 1_(,1((q+1)/2)+m)§ - n((q+;)/2)+m(q((q+1)22)+m_,’—((4+1)/2)-m),

we have
(3_ 1) NK/F(,I((q+1)/2)+m"((q+1)/2)+m' (n((q+1)/2)+m _”—((q+1)/2)—m) X
% (n((q+1)/2)+m’_n—((q+1)/2)—m')) =42,
We observe
) iz = (1) et = o) - oo o)
kel =47 o = | | ~(—pn\f = _lk_____k =_1k—1 k____.
() == = () ot = 0t =) = -1

Thus the equation (3.1) becomes
(,7((4+1)12)+m_”—-((q+1)/2)-m) (,’((q+1)/2)+m'_n—((q+1)/2)-m' = +4,

Replacing m’ by g+1—m’" if necessary, we may reduce to the case when + sign
is valid in the equation above. In this case,

(a+1)/2) +m
gl em L A DD Em) (@D
DB , >

— e+ Dpem g
A @FDBIm ]

When we replace ”((q+1)1_2)+m‘ and ,1((11+1)/2)+m by _n((q+1)/2)+m' and _n((q+l)l2)+m res-
. . . , . 1
pectively in the second equation, we get the first equation. If we put k=q—+—+m

2
and k’=g-_2'_—1+m’, then the assertion 3) follows by, Lemma 3.2. J

In the rest of this section, we suppose g=3 (mod 4). Put n=q%1- R

n is odd. Define the subset. D'= {k (mod n):__éfk;%(1,+ ga-my 10, 1, ..., n),

then
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and Dg={k€D’, m even} and Dj={k€D’, m odd}. Then D’=D;UD;]. From
Theorem 3.1, Dg and Dj have the following properties:

(1) Dg has n_;;—_l distinct elements (mod ») and the same is true for Dj.

() If keDj then —k¢ Dy and if k€D{ then —keD;.
(3) Let Do*={—k: k€Dg, k=0}, then DoUDy*=Z/nZ.
Now, we have

S'K /7 6((4—1)/2)m — é((q~l)/2)M+é((q’—q)/z)m — é((q-l)/z)m.‘_é((q’-l)lz)»t-((q—l)ﬂ)m =

=. 5((q—i)/2)rn + (= ymg-Ua—-1)/2m
‘and :
Skr Ea-DR e+ +m) — E((q—l)/m(((q+1)/2)+m) + (= D E-(@-0DU@ D+ m)

Thus we get

S, Ea—1)2m . .
gk = . pa-nm _ﬂfi___ if m is even,

SK/F é((q—l)/2)(((q+1)/2)+ m)

gk = l@-1/((g+1)/2)+m) 3 if m is odd.
We define r=r(m) by g'=g" ""’=% SxypE@-18m and define the subsets
g = ;grimy = L (a=1)/2)m_ g3
0 = r(m). g' = 3SK/F§ , M= O, 2,4, ...,—2—" ’

91;.: {r(m)' gr(m) = %SK/Fi((q—l)/z)m’ m = 1: 35 59 soty _q-z—i}a

of VZ/nZ. Then we have @0=—-%—D{, and @1=—-%-D{. The subsets 2, and 2,

have simpler structure than Dg and Dy, and are convenient for computation.

4. Szekeres difference sets

First we define supplementary difference sets.

Definition 4.1. (See [4], p. 281). Let Si, ..., S, be sets of distinct residues modulo v
containing ki, ..., k, elements respectively. For the residue d=0 (mod v), we
define the number . 4;(d)= #{(r, 5): d=r—s (modv), r, s€ S;}, and let A(d)=
=4 @)+ Ad)+...+2,(d). If A(d) has a constant value A for any residue dz0
(mod v), then S, ..., S, are called n— {v; ki, ..., k,; 2} supplementary difference
sets. If ky=...=k,, we write n—{v;ky;A}. Let fi(x), (%), ..., fr(x) be the
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Hall polynomials of S;, S, ..., S, respectively, then we have

i;:.’ﬂ(x)f;(x"l) = g? ki_}»'l'}uJU(X) (mod XY — 1).

This equation characterizes the supplementary difference sets.
G. Szekeres has shown the existence of the following supplementary difference
sets.

Theorem 4.2. (Szekeres, [4]). Let g=3 (mod4) be a prime power and let Q be
the set of the quadratic residues in F. We define the sets M={a: g*—1€Q}, and

N={b: g?+1€Q}). Then M and N are 2— { 21,q43 q—47} supplementary

difference sets.

We may call this the Szekeres difference sets. It is known that the Szekeres
difference sets are important for construction of Hadamard matrices. Here we show
that the complementary subsets of &, and 2, as in Section 3 are the Szekeres diffe-
rence sets. This gives an explanation to the origin of the somewhat isolated Szekeres
difference sets, showing that their complementary sets are more natural, and are
derived from a cyclic relative difference set associated with the extension of a finite
field.

Theorem 4.3, Let 90, 9, and n be as in Section 3. Then

(1) 9, and 9, are 2— { ";1,";1
(2) the complementary sets of @, and 9, are the Szekeres difference sets.

} supplementary difference sets,

Proof. (1) Since 2, ——-%Do and Qlw—%Dl, it sufficies to show that Dj and

Dj are 2— { n;—l,n-;-l} supplementary difference sets. Let 6(x), 64(x), and

#,(x) be the Hall polynomials of D, Do and Dj respectively. From the results in
Section 3, we have

0(x) = —1+26,(x)+26,(x) (modx"—1),

Oy(x)+0,(x ) =1+J,(x) (modx"—1),

0,.(x) = 0,(x7%) (mod x"—1).

And from Theorem 2.3, we have 0(x)0(x V)=g+Jp_1(x)—J,_1(x**") (mod
x2"~1—1). Since

Jq’—l(x) = J(q—l)l2(x) qu+2(x(q—1)/2) =(29+2)J,(x) (modx"—1),
T 1 () = Jig gy () (@D = 27,()  (mod ¥ —1),
we have
4.1 0 0(x~Y) = g+29J,(x) (mod x"—1).
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On the other hand,
4.2 0(x)0(x™Y) = (—1+20,(x)+26,(x))(—~ 1420, (x 1) +20,(x~1)

= 1-2(0,(x)+ 0, (x ™) +0,(x) + 0, (x 1)) +4(0p(x) 0, (x~Y)
+0,(x71) 0, (x)) +4(0o(x) B (x 1) + 6, (x) 6, (x 1))
1-2(J,(x) + 1420, (x))+4(J,(x) + 1) 6, (x)
+4(00(x) O (x =2 +6,(x) 6,(x 1)
—142n7,(x) +4(8,(x) 85 (x ) +6, (x) 0, (x )

(mod x"—1).

i

Comparing (4.1) with (4.2), we get
4(05(x) 0,(x 1 +0,(x) 0, (x ) = g+ 1 +2gJ,(x) —2nJ, (%)
= 2n+24+2n+2)J,(x) (mod x"—1).

Namely
8o ()0 (x ) +0,(x) 01 (x™) = n-2f—1 +"_‘;i J,(x) (modx"—1).
Since  #Dp= #Di=n_*2-1, we see that D and Dj are 2——{n;n42_1;n+2_1}

supplementary difference sets.
(2) Assume re%,, then

1 1 1
=5 Sx/z-'f“q_l)/z)m =3 Sgpt™ = 5 O™ +n=m),

and
2

g¥-1= [%(n"‘ﬂ‘"‘))z—l = [%(n"‘—n“"‘)) -

. 1 i 1 1 2
Since = (4" —n~")!=—5 ("—n~") we have = (y"—n"")¢F, [—2— (n"‘—n‘"‘)) € F.
Thus we obtain g¥—14 Q.

Next we assume r€2,, then

&= Sgpd V== Sgypn™ == (" =",

and
2r+1_[_1_( m__ —m)]2+1_ [L( m+ -m ]2
gtl={z0"~n = |z ") .

2
Similarly we have —;—(n'"—i- n~™¢ F, (%_— "+ n‘"‘)) €F, that is g¥+1¢0. Con-
sequently if r€9%,, then réM* and if r€9,, then ré N* where M* and N* are
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the complementary sets of M and N respectively. But we know that #D,= #D,=

=";1 and #M*= 4=I=N*=n_—n—21 =n-12—1 ; Hence we have that @,=M*
9,=N* | ,

Example. g==19, n=9, g=14.

0 m 01 2 34 5 6789

r(m) (011 16 124 16 176 6 9
r(m) (mod9|0 2 7 34 7 8660

S

D,=1{0,7,4,8,6}, 9,=1{23,7,6,0},
2¢=1{1,2,3,5), 9F=1{1,4,5,8)
(2) Quadratic residues: 0={1,6, 17,7, 4, 5, 11, 9, 16}
m 10 1 2 3 4 5 6 7 8
g"—1]0 5¢Q 166Q 6¢Q 3 4€Q 10 8 15
g +1]2 7€@ 18 8 5¢Q 6€Q 12 10 17€Q

M=1{1,2,3,5)}, N=1{l,4,5,8}.
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